Abstract. The vanishing of the tension in a simple pendulum supported by a flexible cord causes the particle to pass from the circular to a parabolic trajectory. The number and the nature of such transitions are related here to the value of the initial energy.
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1. When the initial energy of a simple pendulum lies in a certain interval, the tension vanishes at some instant of the motion. Then, if the support is provided by a flexible cord, the particle passes from the circular to a parabolic trajectory. The number and the nature of such transitions are shown here to be precisely related to a dimensionless energy parameter, £. Despite the intrinsic interest and the relative simplicity of this motion, it does not appear to have been treated in the literature.
Let I be the length, m the mass of the pendulum, r its distance from the point of support, 6 the angular coordinate measured from the downward-drawn vertical line, and g the acceleration of gravity. The constraint I -r > 0
( 1) can be replaced by the condition
where X is a multiplier vanishing if I > r and admitting a non-zero value if I = r. The Lagrangian of the system, L = |m(r'2 + r20'2) + mgr cos 6 + \(l -r),
leads to the differential equations of motion, m(r" -rd'2 -g cos 6) + X = 0, rd" + 2r 6' + <7 sin 6 -0,
which together with (2) and (1) 
where the constants w, c, £ are defined by c2 = g/l, c2 = E/2 mg I, * -f(2c2 -1),
and the modulus of the elliptic function sn is
The dimensionless parameter £ is seen from: (7) to be proportional to the energy measured from the horizontal configuration r = I, 0 = 7r/2; its range is -2/3 <£<<». 
and jr/2 < Qi < t, 0 < 6[ < co. At t = there occurs a transition from the circular to a parabolic trajectory. The latter corresponds to the solution of (4) with X = 0, r < I, and the initial conditions (9), and is represented by the equations
r sin 6/1 = (1 -|2),/2 -fV), where r = t -U .
When the particle re-enters the circle, r again assumes the value r = I, and (11) yields Wr = 4fc(l -t»W', 6o -27r 3di j t<i ~ I
e* = 0,(-3 + 12{2 -8|4),
>-2 = sium -fry2.
Such an alternation of the trajectory between the circle and a parabola we shall, for the sake of brevity, designate by the term "flip." At the instant t -t2 of re-entry of the circle the ideal cord, assumed to be inextensible and infinitely strong, enforces the NOTES [Vol. XVI, No. 2 constraint (1) by generating an impulse equal and opposite to the radial momentum m'. While the latter is being annihilated, the angular momentum mr2d' is conserved, and the energy is thus diminished by the quantity mr'2/2. The corresponding diminution of £ can be calculated from (13.4) and the definitions (7); the new value £' can then be written as a function, /(£), in the form £' = m = f -y K(1 -£2)]9, for 0 < £ < 1.
Of course, if £ lies outside the range (10) flips do not occur and the energy is conserved. Therefore
In particular, -2/3 < £ < 0 and £ > 1 correspond to the states of oscillation and circulation respectively. A few curious details of the motion will now be summarized. 
The value £ lies in some interval Ik , such that
The three intervals k = 0,k = l,k = oo are the only stable states of £, in the sense that the system once in such a state will remain in that state forever. In particular, the two extreme states, k = 0, -2/3 < £ < 0, and k = co,l<£< 00 are the classical oscillation and circulation respectively. The state k = 1, 0 < £ < 0.236 contains an infinite succession of oscillatory flips whose amplitude converges to zero; the motion converges to an oscillation with £ = 0, max 6 -x/2. In all other states a flip results in the jump Ak = -2 in the step-function k(t). Consequently the particle executes As an example, consider £(0) = 0.777. From inspection of the sequence (17) it is seen that k(0) = 3. After one flip the system reaches the state k = 1, characterized by an infinite succession of flips, as indicated in Table 2 . It is to be observed that if the support were rigid the pendulum would circulate, since £ exceeds the critical value £ = 2/3, (c = 1), which separates the oscillatory and the circulatory states in the classical case.
4. Summary.
In the case of a simple pendulum supported by a flexible cord, whenever the tension vanishes the particle passes from the circular to a parabolic trajectory. The energy loss occurring upon re-entry into the circle is given by the expression Here xx , x2, and x3 are the three real zeros of f(x), and x" is the lowest possible energy. The two extreme states k = 0 and k = <» correspond respectively to pure oscillation and pure circulation. The state k = 1, which does not arise in the usual case of a rigid support, contains an infinite succession of parabola-circle transitions. The three states k = 0, k = 1 and k -<*> are the only stable states, in the sense that the system once in such a state will remain in that state forever. From an unstable state the system will ultimately descend to the state k -0 if k(0) is even, or to the state 7c = 1 if k(0) is odd. In this process there occurs a finite number of parabola-circle transitions, this number being equal to [/c(0)/2], the largest integer not exceeding k(0)/2.
